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Abstract—In this paper, we propose the complex Gaussian scale
mixture (CGSM) to model the complex wavelet coefficients as an
extension of the Gaussian scale mixture (GSM), which is for real-
valued random variables to the complex case. Along with some re-
lated propositions and miscellaneous results, we present the prob-
ability density functions of the magnitude and phase of the com-
plex random variable. Specifically, we present the closed forms of
the probability density function (pdf) of the magnitude for the case
of complex generalized Gaussian distribution and the phase pdf
for the general case. Subsequently, the pdf of the relative phase
is derived. The CGSM is then applied to image denoising using
the Bayes least-square estimator in several complex transform do-
mains. The experimental results show that using the CGSM of com-
plex wavelet coefficients visually improves the quality of denoised
images from the real case.

Index Terms—Complex Gaussian scale mixtures (CGSMs), com-
plex wavelets, magnitude, phase.

I. INTRODUCTION

I T IS admitted that statistical modeling in the wavelet do-
main is favorable for many image-processing applications,

such as denoising, compression, and classification, because of
the wavelet’s capability of analyzing and representing images.
This ability can be further improved by using complex-valued
wavelets rather than real-valued wavelets. It is mainly because
the complex wavelets are based on complex-valued sinusoids
constituting an analytic signal [1]. Therefore, the real and imag-
inary parts of a complex-valued wavelet form a Hilbert trans-
form pair. In addition, the advantages of complex wavelets over
real wavelets are directly related to the complex magnitude and
phase. For example, the magnitude of a complex coefficient pos-
sesses the shift-invariance property while a real wavelet coef-
ficient is shift varying. Furthermore, it is well known that the
magnitude of a complex wavelet coefficient better represents a
singularity than either the real/imaginary part of the complex
coefficient or the value of a real wavelet coefficient. Besides
magnitude information, phase information plays a key role in
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image processing as well. A famous example that shows the im-
portance of phase is in [2], where the Fourier phase is shown to
contain more information about image features than the mag-
nitude. Moreover, there is also a connection between the phase
of a complex wavelet coefficient and image features, such as
edges. Specifically, the phase of a complex coefficient in each
scale near an edge varies linearly with its distance to the edge
[3]. In addition, the coefficient phases across scales at an edge
are aligned [4], [5]. These intrascale and interscale relationships
have been used in some image-processing applications (e.g., in
[3]–[7]). All of these point out the significance of the magni-
tude and phase information of complex coefficients. In the prob-
abilistic framework, an appropriate model for complex random
variables is required to fully utilize complex wavelet coefficients
as well as their magnitude and phase information.

Indeed, the probability density function (pdf) of a complex
random vector (as a general form of a complex random vari-
able) is the joint pdf of two real-valued random vectors repre-
senting the real and imaginary parts. In order to express the pdf
of a complex random vector as an analytic function of the com-
plex vector itself, we need an additional assumption. For a class
of distributions whose pdfs depend only on the covariance ma-
trix, such as the Gaussian distribution, the assumption is that the
covariance matrices of the real and imaginary parts are equal,
and that the sum of the two cross-covariance matrices is zero.
With such an assumption, the pdf of a complex random vector
whose real and imaginary parts are jointly Gaussian can be ex-
pressed as a function of a complex vector, and has been studied
in [8]–[10] as the complex Gaussian pdf.

There are a number of research studies on the statistical mod-
eling based on complex wavelets. For instance, in [11], the com-
plex hidden Markov tree (CHMT) model is proposed for com-
plex coefficients obtained from the dual-tree complex wavelet
transform (DT- WT) [12]. The bivariate model with the bi-
variate shrinkage in [13] and the bivariate -stable distribution
in [14] are used for image denoising. In [15], the Cartesian and
polar forms of marginal densities of DT- WT coefficients due
to the Gaussian signals are studied. In [16], the complex general-
ized Gaussian distribution (CGGD) is used for image modeling
in the complex wavelet domain.

The Gaussian scale mixture (GSM) [17] model characterizes
the set of real-valued random vectors that can be expressed
as the product of a zero-mean Gaussian random vector and
an independent positive random variable (i.e., a GSM random
vector is a mixture of a possibly infinite number of zero-mean
Gaussian random vectors). The GSM distribution encompasses
many known distributions as special cases, such as the Stu-
dent’s t-distribution, the -stable distribution, the generalized
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Gaussian distribution (GGD), and the symmetrized Gamma
distribution [17], [18]. In [18] and [19], the GSM model is used
for wavelet-based statistical modeling of natural images. It can
accurately capture both marginal statistics which have peaky
and heavy tailed characteristics and joint statistics of wavelet
coefficients. Besides the GSM, other wavelet-based image
models are also used to capture the characteristics, including
the GGD [20], the hidden Markov tree (HMT) model [21], the
bivariate model [13], the Bessel K form density [22], the multi-
variate GGD [23], the multivariate Laplacian distribution [24],
and multivariate prior models [25] as examples. In addition,
the GSM modeling in the wavelet domain has been used for
image denoising in [26], which provides a high-quality image
denoising algorithm. Thanks to the usefulness of the GSM
model and the complex wavelet transforms, the modification of
the GSM for complex coefficients should be beneficial. Never-
theless, to the best of the authors’ knowledge, the extension of
the GSM to the complex case and its use for statistical modeling
in the complex wavelet domain have not been studied yet.

In this paper, we introduce the complex Gaussian scale mix-
ture (CGSM) as an extension of the GSM, which is for real-
valued random vectors, to the complex case and use it to model
complex wavelet coefficients. To begin with, we discuss the
modeling of the real/imaginary part of complex coefficients by
the GSM. We then show that the corresponding joint covariance
matrix satisfies the circular condition. Assuming that the real
part is a GSM, we then prove that the imaginary part is also a
GSM with the same multiplier. Accordingly, the CGSM of com-
plex wavelet coefficients is proposed. In addition, some related
propositions of the CGSM are presented. Due to the importance
of magnitude and phase information of complex wavelets, ex-
amples of using the CGSM to derive two pdfs related to the mag-
nitude and phase are also discussed. To show the effectiveness
of the CGSM, image denoising is performed using the Bayes
least-squares (BLS) estimator with the proposed model. The re-
sults show that using the CGSM of complex wavelet coefficients
visually improves the quality of denoised images from using the
GSM of real wavelet coefficients.

Recently, there are also wavelet-based models extended from
the GSM (e.g., the space variant GSM [27], the oriented-adap-
tive GSM [28], and the GSM for derotated complex coefficients
[29]). Nonetheless, those models are outside the scope of this
paper and are not discussed herein.

It is worth noting that the framework we discuss herein is not
only limited to the DT- WT [12], which is probably the most
widely used complex wavelet transform in image processing,
but also includes other complex-valued multiresolution trans-
forms, such as the fast discrete curvelet transform (FDCT) [30],
the pyramidal dual-tree directional filter bank (PDTDFB) [31],
and the uniform discrete curvelet transform (UDCT) [32]. The
derived pdf can be applied and easily extended to other complex
transforms because they all behave like complex analytic band-
pass filters and, thus, yield complex subband coefficients whose
real and imaginary parts correspond to a Hilbert transform pair.
As a result, there is a statistical relationship between the real
and imaginary parts, which will be studied in this paper. For
simplicity, we refer to the complex multiresolution transforms

as complex wavelet transforms, and to the corresponding coef-
ficients as complex wavelet coefficients or complex coefficients
henceforth.

This paper is organized as follows. Section II discusses the
GSM and shows that it can model the real/imaginary part of
complex coefficients. In addition, the input-output relationships
of the 2-D Hilbert transform in terms of correlation are pre-
sented. Using the results from Section II, the CGSM is defined
in Section III. In Section IV, some related properties and re-
sults are stated. In Section V, image denoising using the Bayes
least-square (BLS) estimator of the CGSM is performed. More-
over, the experimental results are shown to illustrate the use-
fulness of the CGSM. Finally, we conclude this paper in Sec-
tion VI. The preliminary version of this work is partially de-
scribed in [33].

II. STATISTICS OF COMPLEX COEFFICIENTS

The goal of this section is to study the statistics of the real
and imaginary parts of complex coefficients as well as their sta-
tistical relationship related to a Hilbert transform pair. In par-
ticular, we will show that the GSM can be used to model the
real/imaginary part, and that both parts are related in terms of
covariance matrices in Subsections II-A and B, respectively.

A. Gaussian Scale Mixtures

To begin with, we briefly discuss the GSM of real random
vectors, and empirically show that the real and imaginary parts
are consistent with this model.

A random vector with dimension can be characterized
by a GSM if it can be expressed as

(1)

where is a zero-mean Gaussian random vector with covari-
ance matrix , and is an independent positive scalar random
variable called the multiplier or hidden multiplier. For to have
the unique GSM representation as in (1), the mean of must be
specified. Without loss of generality, we can assume that has
unit mean [26] (i.e., ). This implies that the covari-
ance matrix . Accordingly, the pdf of
is given by [26]

(2)

for , where is the transpose of , and is the
determinant of . Note that is a Gaussian pdf when

is an impulse function. For the choices of the pdf of the
multiplier, we refer to [26].

Next, we validate the GSM modeling of the real and imagi-
nary parts of complex coefficients, which is an assumption we
will use in Section III. To verify this, we study the marginal sta-
tistics of complex coefficients produced by using the UDCT of
the Lena image. The log of the normalized marginal histogram
of the real/imaginary part of complex coefficients along with its
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Fig. 1. Marginal and joint statistics of the real/imaginary part of complex co-
efficients in one finest subband of the Lena image. (a) Log of the normalized
marginal histogram and the fitted GSM for the real part. (b) For the imaginary
part. (c) The conditional histogram of the imaginary part of two spatially adja-
cent coefficients � and its adjacent neighbor�� . Each column has been inde-
pendently rescaled to fulfill the full range of intensities. (a)���� � 0.00077.
(b) ���� � 0.00107. (c) ������������.

best fitted Student’s t-distribution, which is a class of GSMs,
whose hidden multiplier has the inverse Gamma pdf [34] is
shown in Fig. 1(a) and (b) for the real and imaginary parts, re-
spectively. Fitting is performed by minimizing the relative en-
tropy [the Kullback–Leibler divergence (KLD)] between
the histogram and the pdf. We can see that the histogram is
highly non-Gaussian with high peak at zero, and that the fit-
ting result for each histogram is quite good with the ratio be-
tween the KLD and the histogram entropy 0.00077
and 0.00107 for the real and imaginary parts, respectively. Note
also that the marginal distributions of both parts are close to
each other. In addition to the marginal statistics, the conditional
histogram of two spatially adjacent coefficients is shown in Fig.
1(c). We consider only the imaginary part because the result of
the real part is also similar. The shape of this conditional his-
togram is the so-called bow-tie shape, which implies that two
random variables are roughly uncorrelated but highly depen-
dent. These statistical characteristics of the imaginary part of
complex coefficients can be modeled by a GSM [18], [19], [26].

B. Hilbert Transform Pairs and Correlation Relationships

Since the real and imaginary parts of complex coefficients
are obtained from sampling two processes, which form a Hilbert
transform pair, their relationship is crucial to the development of
the CGSM, whose pdf is a function of complex variables. In this
subsection, we derive the relationship of a 2-D Hilbert transform
pair in terms of autocorrelation and cross-correlation, and relate
it to the relationship of the real and imaginary parts of complex
coefficients. The details are as follows.

Let be a real 2-D random process, where .
The Hilbert transform of , which is denoted by

, is defined as

where is defined by its Fourier transform as [35]

if
if
if

(3)

where , and is a real unit-norm
vector. Let be the Hilbert transform of (i.e.,

). Assume that is wide-sense sta-
tionary (WSS). Since is linear time-invariant (LTI),
and are jointly WSS [36], i.e.,

where for . Let .
The cross power spectrum of two processes and is
defined as the Fourier transform of

When , the cross power spectrum becomes the power spec-
trum (or spectral density) of , denoted as . Note
that since ’s are real. Then, we
obtain the relationships

and

(4)

From (3) and (4), it follows that:

and

and thus

and

(5)

Consider an -size neighborhood of each of the real and
imaginary parts of complex coefficients. We have the corre-
sponding neighborhood vectors to be

and

for the real and imaginary parts, respectively. Since the discrete
complex wavelet transform can be considered as a bank of band-
pass filters, we have and as zero-mean. Since and are
obtained from sampling two processes, which form a Hilbert
transform pair, it follows from (5) that:

and (6)

where and .
Note that this condition on the covariance matrices (6) is the

so-called circular [37] or proper [38] condition, and a complex
random vector that satisfies these conditions on covariance ma-
trices is called circular [37] or proper [38]. The circular con-
dition allows us to express the jointly Gaussian pdf of the real
part and the imaginary part as the complex Gaussian pdf
of the associated complex number . This will be
discussed briefly in Section III-B.

To verify that the complex wavelet coefficients satisfy the cir-
cular condition, we decompose an image into three scales by
using the UDCT, DT- WT, PDTDFB, and FDCT. Then, in each
subband, we form the 9 1 complex random vector from the
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TABLE I
DEGREES OF IMPROPRIETY FOR VARIOUS COMPLEX TRANSFORMS

3 3-block neighborhood. To quantitatively measure the circu-
larity of the complex random vector, we compute the degree of
impropriety [39] which measures how much a complex random
vector is noncircular. For a zero-mean complex random vector

with complex covariance matrix ,
where is the conjugate transpose of , and pseu-
docovariance matrix , the degree of impropriety
is defined by [39]

(7)

where . The value of the degree of impropriety

is between zero and one, where 0 when the complex
random vector is circular and least circular when 1.

Table I shows the degrees of impropriety for the Lena, and
Barbara images. For each image, we compute the degree of im-
propriety of each subband using (7). Each entry is the average
value of the degrees of impropriety of all subbands in one scale.
From Table I, for the UDCT, PDTDFB, and FDCT, we can see
that the average degrees of impropriety in all three scales of each
transform are small (i.e., the UDCT, PDTDFB, and FDCT co-
efficients can be assumed to satisfy the circular condition). This
is also true for the DT- WT in scales 2 and 3, whereas in the
first scale, the degrees of impropriety are quite large ( 0.88
for both images), which implies that the DT- WT coefficients
in the finest scale do not satisfy the circular condition. This is
because in the implementation of the DT- WT, we lose the an-
alyticity of the scale 1 filters to achieve the approximate analyt-
icity at other scales [1].

III. COMPLEX GAUSSIAN SCALE MIXTURES

To exploit the advantages of complex wavelets and the use-
fulness of the complex magnitude and phase in the statistical
framework, an appropriate model that can handle complex
random variables is needed. The aim of this section is to in-
troduce the pdf of a vector of complex coefficients whose real
and imaginary parts are GSMs because of the effectiveness of
the GSM model in statistical wavelet modeling as mentioned
earlier.

A. Equivalence of the Hidden Multipliers of the Real and
Imaginary Parts

Lemma 3.1: Let and be two random variables of
the real and imaginary parts of the complex subband coefficient
at position , respectively. If is a GSM with constant

scalar multiplier in the neighborhood of , then can be
modeled by a GSM with the same scalar multiplier.

Proof: Assume that is a GSM. From (1), can
be written as

where is zero-mean Gaussian, is unit-mean and
independent to . Since is a Hilbert transform pair of

, we have

where is the impulse response of a 2-D Hilbert transform.
Hence, can be approximated by

where is the set of points so that is in the neighbor-
hood of . Since . Hence, we have

where is zero-mean Gaussian
and independent to .

Proposition 3.1: Let and be two random vectors of
neighborhoods of the real and imaginary parts of complex sub-
band coefficients, respectively. If is a GSM, then so is and

and have the same scalar multiplier.
Proof: Assume that is a GSM. From (1), can be

written as , where is zero-mean Gaussian,
are unit-mean and independent to . It follows directly from
Lemma 3.1 that

where is zero-mean Gaussian independent to (i.e., is
also a GSM with the same hidden multiplier).

This result is demonstrated in Fig. 2, where we assume
and , and consider the conditional his-

togram of given . Due to their hidden struc-
ture, the hidden multipliers and cannot be observed. How-
ever, we can estimate each of them by the maximum-likelihood
estimator in each neighborhood [19]

and

where and are the real and imaginary parts of coefficients
in that neighborhood of size . In Fig. 2, the conditional his-
tograms corresponding to the real and imaginary parts of com-
plex coefficients from one finest subband of the Lena [Fig. 2(a)],
and Barbara [Fig. 2(b)] images are shown, where the images are
decomposed by using the UDCT. It can be seen that the condi-
tional histograms are densely concentrated around the diagonal
line especially when is small.
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Fig. 2. Conditional histograms of the estimates �� and �� of the hidden mul-
tipliers of the real and imaginary parts of complex coefficients from one of the
finest subbands of the (a) Lena and (b) Barbara images. Each column has been
independently rescaled to fulfill the full range of intensities. The diagonal line
in each histogram represents �� � �� . (a) Lena. (b) Barbara.

B. Complex Gaussian Distribution

Before we introduce the CGSM, we discuss the complex
Gaussian distribution, which is an important class of the
CGSM. Particularly, in this subsection, we present how the pdf
of jointly Gaussian random vectors with the circular condition
can be written as the pdf of a complex Gaussian vector. For
simplicity, we assume the zero-mean case.

To start with, let and be two zero-mean Gaussian
random vectors. Assume that they are jointly Gaussian with the
circular condition. Let , which is Gaussian

with covariance matrix with the pdf

given by

(8)

Moreover, its characteristic function has the form

(9)

where , and . Let
with the complex covariance matrix . Therefore,

, and satisfies the following conditions
[36], [40].

1) , where and
for all .

2) , where and
for all .

3) .
Using statements 1) and 3), the Gaussian pdf of

in (8) can be expressed as the complex Gaussian
pdf of having the form

for (10)

Using statement 2), the characteristic function of in (9) can
be written as the characteristic function of which is obtained
by

(11)

where , and . We refer to [36] and
[40] for the proofs and more comprehensive details.

C. Complex Gaussian Scale Mixtures

Proposition 3.1 and the circular condition (6) allow us to
express the joint pdf of two real-valued random vectors rep-
resenting the real and imaginary parts as the pdf of the com-
plex-valued random vector. The details are as follows.

To begin with, let , where
is a zero-mean complex Gaussian random vector and the unit-
mean is independent to . Therefore, the complex covariance
is obtained by . It follows

from the results in Subsection III-B that
. From (10)

where is the neighborhood size. Conditioned on
is complex Gaussian with the complex covariance

matrix . Hence, the pdf of is given by

(12)

for . Note that is a complex Gaussian pdf when
is an impulse function. We therefore call a CGSM be-

cause of its behavior as a complex Gaussian when conditioned
on .

IV. SOME MISCELLANEOUS RESULTS

This section discusses miscellaneous results which stem from
the CGSM. Particularly, we address properties of the CGSM,
and then discuss some distributions derived using the CGSM.

A. Related Properties

This subsection presents some properties related to the
CGSM proposed in Section III. We now start with the charac-
teristic function of the CGSM.

Proposition 4.1: If is an -dimensional CGSM,
then the characteristic function of is given by

where , and .
Proof: Given is complex Gaussian with com-

plex covariance matrix . The proof fol-
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lows from the fact that the conditional characteristic function of
is given by

which follows from (11).
Proposition 4.2: If is an -dimensional CGSM, then

is also an -dimensional CGSM and is an -dimensional
CGSM, where is an complex constant matrix.

Proof: The proof is trivial.
Before presenting a property of the CGSM, we discuss an

analogous property of the GSM that is also mentioned in [41].
Proposition 4.3: If and are independent univariate

GSMs, then and
are also GSMs.

Proof: Let for , where the unit-
mean positive random variable and the zero-mean Gaussian
random variable are independent. Assume further that
and are independent.

Given and is
zero-mean Gaussian with variance .
Therefore, we can write , where

is unit
mean and independent to .

To show that is a GSM, consider
. Hence, we can write ,

where is unit mean and

is zero-mean Gaussian inde-
pendent to .

Finally, we write .
Similarly, it can be seen that , where

is unit mean, and

is zero-mean
Gaussian independent to . Hence, and are also
GSMs.

Similar to the GSM, a similar property for the CGSM is found
in the following proposition.

Proposition 4.4: If and are independent univariate
CGSMs, then , and
are also CGSMs.

Proof: Let for where the unit-
mean positive random variable and the zero-mean complex
Gaussian random variable are independent. For , we
can write , where and are GSMs with

and . Assume further that and
are independent. Therefore, and are indepen-
dent. We then write

From Proposition 4.3 and the fact that and are
independent, it is easy to show that and are orthogonal
GSMs with the same variance and the same hidden multiplier,
for . As a result, and are also CGSMs.

In the next two subsections, we exemplify the usefulness of
the proposed CGSM for deriving two pdfs related to the magni-
tude and phase of complex coefficients.

B. Complex Generalized Gaussian Distribution and Its
Magnitude PDF

Based on the CGSM model, there is, in general, no closed
form for the magnitude pdf owing to the presence of the hidden
multiplier. This leads to difficulties in some applications, such
as texture retrieval, where the closed form for the KLD between
two distributions is desirable [16]. Therefore, we focus on a spe-
cial case of the CGSM, the complex generalized Gaussian dis-
tribution (CGGD), whose real version, the GGD, is widely used
to model real-valued wavelet coefficients [20], [42]. In this sub-
section, we derive of the magnitude pdf of a complex wavelet
coefficient characterized by the CGGD. The CGGD has been
utilized to model complex SAR images in [43], and complex
wavelet coefficients in [16].

Let a complex coefficient be characterized by
the CGSM when (i.e., is a GSM). If is
such that is the pdf of the bivariate GGD [16], [23],
then the distribution of is a CGGD with the pdf [43]

where and are the parameters, and
is the Gamma function. Note that since

the GGD is also known as the exponential power distribution
[44], this distribution of can be called the complex exponen-
tial power distribution. Let and ,
where and . Then, the pdf of is given
by [16]

(13)

where , and are the two
parameters. This magnitude pdf (13) is used to model the com-
plex coefficient magnitude and applied to improve the retrieval
rate for the texture retrieval application [16].
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C. Derivation of the Relative Phase PDF

Although the complex wavelet phase holds crucial informa-
tion, the coefficient phase in a subband is uniformly distributed,
which leads to difficulty in exploiting phase information in the
statistical approach. This suggests utilizing the information of a
multivariate phase model, such as a bivariate model, rather than
a univariate one.

In this subsection, we will use the CGSM to derive the pdf of
the relative phase. The relative phase [45] at a spatial loca-
tion is defined as the phase difference of two neighboring
complex wavelet coefficients within a particular subband

where is the phase of , the coefficient at position
, and is the phase of (or ). The

relative phase can be derived by assuming that the two adjacent
complex coefficients, say and , are characterized by the
CGSM [7]. Using for the CGSM pdf in (12), the pdf of
the complex random vector is given by

Consequently, the conditional polar form pdf is described by

where , for , and

. Let be the inverse of

. Then, the conditional joint pdf of the phases is given by
[10]

where

and . Therefore, the joint pdf is
obtained by

Hence, the pdf of the relative phase is given by

(14)

where and are the two parameters of the pdf, and
. It should be noted that this pdf (14) is inde-

pendent from the prior and is, therefore, in the same form
as the relative phase pdf for the complex Gaussian. The relative
phase pdf (14) is used to parameterize the relative phase which
extracts phase information of complex wavelet coefficients. It is
then applied to texture image retrieval and improves the accu-
racy rate in [7].

V. APPLICATION IN IMAGE DENOISING

To show the effectiveness, we fit the proposed CGSM with the
complex subband coefficients of an image and use it in image
denoising. The details are as follows.

A. Bayes Least-Squares Estimator for CGSM

One of the best methods for image denoising is the Bayes
least-squares (BLS) estimator based on the GSM model pre-
sented in [26]. For each neighborhood, the reference coefficient
at the center of the neighborhood is estimated from the set of
observed coefficients. The subband coefficients are real, and the
pdf is a function of the real variable. The BLS method based on
the GSM model is used to estimate the real subband coefficients.
However, if we use a complex wavelet transform which decom-
poses an image into subbands of complex coefficients, then we
need an algorithm that can handle complex numbers. Therefore,
with the analogy of the BLS algorithm for the GSM, we will de-
velop the BLS estimator based on the CGSM for estimating the
complex coefficients.

Let be the random vector corresponding to a neighborhood
of -observed complex coefficients

where is an original complex coefficient vector and is a
complex noise vector in the transform domain. Suppose that
is a zero-mean complex Gaussian and is a CGSM random
vector as shown in (12). It is well known that the Bayes least-
squares estimation is the conditional expectation described as
follows:

(15)

where is the pdf of the positive scalar random variable
. In our implementation, the integration in (15) is computed

numerically, where is the number of points for , by
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Fig. 3. Denoising performance in terms of PSNR and SSIM for the Lena, Bar-
bara, and Boats images of the HT ���, GSMsp � �, GSMag ���, and CGSM
��� methods in the UDCT domain. See text for further information. (a) Lena:
PSNR. (b) Barbara: PSNR. (c) Boats: PSNR. (d) Lena: SSIM. (e) Barbara:
SSIM. (f) Boats: SSIM.

When conditioned on and , the conditional expectation is
obtained by

(16)

where the complex covariance matrices are given by
and .

The neighborhood noise covariance matrix is obtained
by decomposing a random noise image which has Gaussian
distribution with mean zero, standard deviation , and has the
same dimension as that of the original image into subbands.
Given , the covariance matrix can be computed from
the observation covariance matrix (i.e.,

). Since , we have
. To force the complex covariance matrix to

be positive semidefinite, an eigenvalue decomposition of is
performed and any possible negative eigenvalues are set to zero.

The pdf of the observed neighborhood vector conditioned on
is zero-mean complex Gaussian with covariance

To estimate as in (15), it is computed as follows:

where we choose the prior to be Jeffrey’s noninformative
prior [46] for the experiments in this paper. According to Jef-
frey’s rule, satisfies

where is Fisher’s information measure which is defined by
[46]

For the CGSM model in (12), we have

Since , by taking the square root of the expec-
tation, we obtain Jeffrey’s prior

(17)

Note that, in particular, Jeffrey’s prior of the CSGM obtained
herein is the same as that of the GSM obtained in [26].

B. Experiment Setup

In denoising experiments, we use three standard test images
of size 512 512, Lena, Barbara, and Boats. The original image
is corrupted by additive white Gaussian noise with a known vari-
ance, where the standard deviation of the input noise is varied
between 10 and 100. First, the noisy image is decom-
posed into subbands in the transform domain. Each subband ex-
cept the lowpass subband is denoised. Then, the denoised image
is reconstructed from the processed subbands. The denoising
performance for each denoised image is evaluated in terms of
the peak signal-to-noise ratio (PSNR) value and the structural
similarity (SSIM) index [47]. In this paper, the PSNR value (in
decibels) is defined as , where is
the error standard deviation.

In our implementation, even though Jeffrey’s prior ob-
tained in (17) is an improper pdf, we cope with this fact by set-
ting to be zero in the interval with a small pos-
itive value of . The points for are sampled with logarith-
mically uniform spacing, where we use 13 points of over
the interval with steps of
size two. These parameters for the prior are selected according
to [26] for convenient comparison.

C. Experiment 1

First, we compare four methods in the UDCT domain:
1) the proposed CGSM method;
2) the hard thresholding (HT) method;
3) the method where the real and imaginary parts are denoised

separately (GSMsp);
4) the method where both parts are formed as the real-valued

augmented vectors and are thus denoised simultaneously
(GSMag).

In this paper, the UDCT decomposes an image into five scales of
oriented subbands: 12 directions in the finest scale and six direc-
tions in other scales. For the HT method, the threshold values in
each subband are equal to three times the noise standard devia-
tion of that subband. The neighborhood used for this experiment
is the 3 3 block without the parent.



RAKVONGTHAI et al.: COMPLEX GAUSSIAN SCALE MIXTURES OF COMPLEX WAVELET COEFFICIENTS 3553

The results are displayed in Fig. 3(a)–(c) for the PSNR
values, and in Fig. 3(d)–(f) for the SSIM indices. From Fig. 3,
we can see that the CGSM method significantly outperforms
the HT and GSMsp methods for all three test images in terms
of PSNR values and SSIM indices, as expected. It is because
the HT method is a much less complicated method where
only the coefficient magnitude is considered. Moreover, in
the GSMsp method, the real and imaginary parts are denoised
separately despite the fact that they are interpreted as the real
and imaginary parts of complex coefficients.

Compared with the GSMag method, the CGSM method per-
forms considerably better than the GSMag method. According
to the shift-invariance property of complex wavelet transforms,
it is suggested that the magnitude (or the complex form) of a
complex coefficient should be used (i.e., treating complex coef-
ficients as in the CGSM method is recommended). In fact, there
are two equivalent ways to treat circular complex random vec-
tors: treating them as having complex covariance matrices (as in
CGSM), or as having real covariance matrices (as in GSMag). It
seems that the results of the GSMag method should be as good
as those of the CGSM method. Subsequently, it is explained that
this is not always true.

In the covariance matrix calculation, once we obtain the
signal covariance matrix, we force it to be positive semidefinite.
For the case of complex covariance matrices, an eigenvalue
decomposition of the complex covariance matrix is per-
formed and any possible negative eigenvalues are set to be
zero. On the other hand, if we treat the complex random
vector as the augmented vector of the real and
imaginary part vectors having the real covariance
matrix, we need to set any possible negative eigenvalues of

the real covariance matrix to be zero.

To see this, let be the eigenvalues
of , and be the eigenvalues of .
If the circular condition is satisfied (i.e., if and

), then for which
means that its eigenvalues have even multiplicity [48]. There-
fore, the number of possibly negative eigenvalues of is even.
It also follows from the circularity that we have the relationship

, for [48]. Therefore, the
number of negative eigenvalues of is an even number, and
twice the number of negative eigenvalues of .

However, in practice, where the circular condition is not ide-
ally satisfied, this condition on the number of negative eigen-
values might not be true. One example of this possibility is
given, where the Barbara image is corrupted by additive white
Gaussian noise with standard deviation 20. The neigh-
borhood coefficients are taken from 3 3 blocks in one of the
finest subbands of the UDCT decomposition, which results in
the 9 9 complex covariance matrix , and the 18 18 real
covariance matrix . All nine eigenvalues of and 18
eigenvalues of are tabulated in Table II. As can be seen,
there are five negative eigenvalues of (i.e., )
that are set to zero while only one eigenvalue of is set
to zero. As a consequence, the results from using the GSMag
method are not as good as (actually much worse than) those re-
sults using the CGSM method. Therefore, it is less appropriate

TABLE II
EXAMPLE OF EIGENVALUES OF� AND� . SEE TEXT FOR DETAILS

Fig. 4. Denoising performance comparison of the Boats image (cropped to
150� 150) with the UDCT. (Top left): original image; (top right): noisy image
PSNR 22.11 dB �� � 20); (middle left): HT PSNR 28.48 dB; (middle right):
GSMsp PSNR 28.68 dB; (bottom left): GSMag PSNR 28.75 dB; (bottom right):
CGSM PSNR 30.27 dB.

to treat the real and imaginary parts of complex coefficients as
the augmented vectors having real covariance matrices at least
in the image denoising framework as in this paper.

An example of visual denoising performance using these four
methods in the UDCT domain for the Boats image when 20
is illustrated in Fig. 4. Evidently, the CGSM method yields a vi-
sually better denoised image as it retains the image details with
less artifacts. Finally, it should be noted that the GSMsp and
GSMag methods, which treat complex coefficients inappropri-
ately, yield even worse results for moderate-to-high noise levels
than the HT method as can be seen in Fig. 3.
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TABLE III
PSNR VALUES (IN DECIBELS) AND SSIM INDICES OF

DENOISED IMAGES FROM SEVERAL METHODS

TABLE IV
REDUNDANCY RATIOS OF THE TRANSFORMS USED HEREIN

D. Experiment 2

In this experiment, we first compare image denoising using
CGSM with other complex transforms: DT- WT, PDTDFB,
and FDCT. For all complex-valued transforms using the CGSM
method, the neighborhood is the 3 3 block without the parent
as in the first experiment. For PDTDFB and FDCT, images are
decomposed into four scales, while we use five scales for de-
noising in the DT- WT domain. These are chosen to produce
the best results. The corresponding PSNR values and SSIM in-
dices are tabulated in Table III.

Comparing all complex transforms with the CGSM method,
we can see that the UDCT outperforms the other three trans-
forms for the Lena and Boats images in both measures. For the
Barbara image, the UDCT performs better than the DT- WT,
and approximately the same as the PDTDFB in both measures.
Moreover, we can see that the FDCT outperforms the UDCT in
both aspects but it has higher redundancy as shown in Table IV.

We have also compared the CGSM method with the GSM
method by using the full steerable pyramid (FS-GSM) with
eight directions [26], and the bivariate shrinkage method
using the DT- WT (DT- WT-BiShrink) [49], which are
probably two of the most widely used wavelet-based image
denoising methods. For the FS-GSM method, an image is
decomposed into five scales. The FS-GSM method outperforms
the CGSM method based on complex transforms, including the
UDCT-CGSM in PSNR value and SSIM index especially for
the Lena and Boats images. On the other hand, for the Barbara
image, all complex transforms except the DT- WT, which
provides approximately the same results, yield better denoising
results than those yielded by the FS-GSM method in PSNR and
SSIM aspects, where the FDCT gives the best results. This is
because the Barbara image highly contains oriented line-type
structures which can be better represented by the curvelet-like
transforms.

We then compare the DT- WT-BiShrink method with the
DT- WT-CGSM method. Based on the DT- WT for the Lena
and Boats images, the CGSM method performs better than the

Fig. 5. Denoising performance comparison of the Barbara image (cropped to
150� 150). (Top left): original image; (top right): noisy image PSNR 22.11
dB �� � 20); (middle left): FS-GSM PSNR 30.27 dB; (middle right): DT-
WT-BiShrink PSNR 29.91 dB; (bottom left): DT- WT-CGSM PSNR 30.25
dB; and (bottom right): FDCT-CGSM PSNR 30.70 dB.

BiShrink method for low noise levels and vice-versa for high
noise levels. However, the BiShrink method is outperformed by
the CGSM method for the Barbara image. It should be men-
tioned that in order to use the CGSM method in the DT- WT
domain, we assume the DT- WT coefficients in the finest scale
satisfy the circular condition although this is not true as we have
shown in Section II. Modeling the DT- WT coefficients in the
first scale can improve the results but it is outside the scope of
this work as the DT- WT is used as an example of complex
transforms. It is worth noting that the UDCT-CGSM method,
however, outperforms the DT- WT-BiShrink method for all
three images.

Fig. 5 shows the visual performance comparison of the
Barbara image with several methods. Apparently, the CGSM
method especially in the FDCT domain produces the better
denoised image in terms of visual quality compared to the
FS-GSM and DT- WT-Bishrink methods. For the Lena and
Boats images, the UDCT-CGSM method yields comparable
results ( 0.05 dB for the PSNR value and 0.001 for the
SSIM index in average) to those of the FS-GSM method but
with lower redundancy as shown in Table IV.
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VI. CONCLUSION

We have proposed the CGSM model for complex wavelet
coefficients. The real and imaginary parts of the complex co-
efficients can be modeled by the GSM with the same hidden
multiplier. As a consequence, both real and imaginary parts
are related in such a way that we can express their joint pdf
as a function of complex variables, which we call the pdf of a
CGSM. Some related propositions and results of the CGSM are
discussed. To illustrate its usefulness, the proposed CGSM is
applied to an application in image denoising using the Bayes
least-squares (BLS) estimator. The denoising results indicate
that the CGSM is a more appropriate model for the complex
wavelet coefficients than the joint GSM model of their real and
imaginary parts. Moreover, the CGSM allows us to improve the
denoising results from those results by using the GSM with the
real transforms or obtain comparable results by using a complex
transform with less redundancy ratio.
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